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Recently, Cohen and Glashow (Phys. Rev. Lett. 107, 181803 (2011)) pointed out that the
superluminal neutrinos reported by the OPERA would lose their energy rapidly via the Cherenkov-
like process. The Cherenkov-like process for the superluminal particles would be forbidden if the
principle of special relativity holds in any frame instead violated with a preferred frame. We have
proposed that the Finslerian special relativity could account for the data of the neutrino superlumi-
nality (arXiv:1110.6673[hep-ph]). The Finslerian special relativity preserves the principle of special
relativity and involves a preferred direction while consists with the causality. In this paper, we prove
that the energy-momentum conservation is preserved and the energy-momentum is well defined in
Finslerian special relativity. The Cherenkov-like process is forbidden in the Finslerian special rela-
tivity. Thus, the superluminal neutrinos would not lose energy in their distant propagation.
I. INTRODUCTION
Recent report by the OPERA Collaboration showed possibility that the muon neutrinos could be superluminal [1].
The previous experiments or observations [2–4] also gave constraints on the neutrino superluminality. In this paper,
the natural units are used which imply c = 1. The superluminality of particles is forbidden in Einstein’s special
relativity. The speed of light is the upper limit of speed for all particles in Einstein’s special relativity, unless the
Lorentz invariance violation (LIV) [5–8] is involved. Soon after release of the OPERA’s report, Cohen and Glashow
[9] pointed out that the number of superluminal neutrinos with energy above 12.5 GeV should be strongly suppressed
after a distant propagation from CERN to Gran Sasso laboratory. The superluminal neutrinos would lose their energy
rapidly via the Cherenkov-like process (ν −→ ν + e− + e+) in the context of LIV with a preferred frame. In this
preferred frame only, the energy-momentum conservation is preserved [10, 11]. Bi et al. [12] made a similar discussion
on this issue. Furthermore, Li et al. [13] pointed that the Cherenkov-like process even exists in the trivial frame
without the effective rest frame. Nevertheless, Amelino-Camelia et al. [11] recently showed that the Cherenkov-like
process may be forbidden in a context that the principle of special relativity is preserved in any frames while the
energy-momentum conservation is modified.
If the neutrino superluminality is confirmed, Einstein’s special relativity as well as the Minkowski description of
spacetime should be amended. In the new spacetime, the causality still holds and the superluminality is admitted
without the Cherenkov-like process. In our previous work [14], an alternative special relativity in the Finsler spacetime
[15, 16], so-called Finslerian special relativity, was proposed to account for the reported neutrino superluminality. In
Finslerian special relativity, a preferred direction is involved in the spacetime background, which introduces the
superluminality of particles. The superluminality in Finslerian special relativity was found to be linearly dependent
on the energy per unit mass of the particles. It was revealed that Finslerian special relativity is roughly consistent
with the data of the neutrino superluminality from the present experiments and observations. In addition, the
superluminality of particles is not contradictory with the causality.
The Finsler spacetime is a straightforward generalization of the Riemann spacetime. It abandons the restriction on
the quadratic form of the metric, which may lead to new insights on the spacetime structure. The Finsler spacetime
structure is dependent on one or more preferred directions. The LIV has been studied in the Finsler spacetime with
modified dispersion relation (MDR) [14, 17, 18]. In addition, the very special relativity (VSR) [19] was proved to be a
kind of Finslerian special relativity [20]. The other example of Finslerian special relativity [21] resides in the Randers
spacetime [22]. Furthermore, the symmetry of Finslerian special relativity with constant curvature was studied in
detail [23]. The Finsler geometry has also brought out new insights on resolution of anomalies in Einstein’s gravity
and cosmology [24].
In this paper, we prove that the conservation of energy and momentum of particles is preserved in Finslerian special
relativity. The Finslerian line element is invariant under the spacetime translations. Combining with the energy-
momentum conservation and the MDR in Finslerian special relativity, we show that the Cherenkov-like process is
forbidden for the superluminality of neutrinos. The superluminal neutrinos would not lose energy in their distant
2propagation. Thus, Finslerian special relativity admits the existence of the superluminal neutrinos as well as their
distant propagation. The rest of the paper is arranged as follows. In Section II, main points of Finslerian special
relativity is summarized briefly and the superluminality of particles is showed in this picture. In Section III, we
demonstrate that the energy-momentum conservation still hold in Finslerian special relativity and there exists no
Cherenkov-like process for the superluminal particles. The conclusions and remarks are given in Section IV.
II. SUPERLUMINALITY IN FINSLERIAN SPECIAL RELATIVITY
Based upon the reports on the superluminal neutrinos, we have proposed Finslerian special relativity [14] to account
for the observations. As mentioned in the Introduction, Finslerian special relativity admits the neutrino superlumi-
nality and preserves the causality. Finslerian special relativity involves a preferred direction which leads to the
superluminality of particles. In Finslerian special relativity, the superluminal behaviors of particles are found to be
linearly dependent on their energy per unit mass, which is roughly consistent with the data of the reports from the
present neutrino experiments. In this section, we summarize the outlines of Finslerian special relativity and reveal its
superluminality.
The action of free particles in Finslerian special relativity is of the form
I ∝
∫ b
a
F (x, y) dτ , (1)
where xµ denotes the position and yµ := dxµ/dτ denotes the 4-velocity of particles. Note that the Greek indices run
from 0 to 3 and the Latin indices run from 1 to 3 in this Letter. The Finsler structure F is positively homogeneous
of order one. To account for the data of the neutrino superluminality, Finsler line element of the (α, β) type [25] was
proposed as [14]
F (y)dτ = α
(
1−A
(
β
α
)3)
dτ , (2)
where
α =
√
ηµνyµyν , (3)
β = bµy
µ . (4)
Here, ηµν denotes the Minkowski metric (+1,−1,−1,−1), bµ denotes constant vector (1, 0, 0, 0) and A denotes a tiny
positive dimensionless constant (A ≪ 1) which is determined uniquely by the data of the neutrino superluminality.
The timelike vectors, such as bµ, are well defined in Finsler spacetime (2), with the usual property of forming a convex
cone in each tangent space TxM . They satisfy the condition that g
µνbµbν > 0, where the fundamental tensor gµν is
defined as gµν :=
1
2
∂2F 2
∂yµ∂yν
. In the flat Finsler spacetime, the tangent spaces at each point are isomorphic [15]. Thus,
it is possible to define well the timelike vectors at each tangent space TxM in the spacetime (2). This flat Finslerian
line element departs mildly from the Minkowski line element and it returns back to the Minkowski one in the case of
A = 0. Thus, Finslerian special relativity is a mild generalization of Einstein’s special relativity.
As is defined in Einstein’s special relativity, the canonical 4-momentum is defined as [18]
pµ := m
∂F
∂yµ
. (5)
The 4-velocity is defined as
uµ :=
∂F
∂yµ
, (6)
which is the canonical momentum divided by mass. The null structure in Finslerian special relativity is given by
F (y) = 0. The null structure is revealed finally by
ηµνu
′
µu
′
ν + 2A(u
′
0)
3 = 0 , (7)
3where we have neglected the terms of higher orders in A and the primes denote the normalization with F . Then the
causal speed is given by
vc :=
√
−ηiju
′
iu
′
j√
η00u
′
0u
′
0
≈ 1 +Au
′
0 . (8)
It is noted that the causal speed is enlarged in Finslerian special relativity than that in Einstein’s special relativity.
For the particles with mass, the normalization of the Finsler norms is realized by F (y) = 1. The canonical 4-
momentum of the particle with mass m is given by
pµ = m
∂F
∂yµ
. (9)
The physical dispersion relation corresponding to Finslerian special relativity is given as
ηµνpµpν +
2A
m
(p0)
3
= m2 . (10)
Then the speed of the particle is obtained as
v :=
√
−ηijpipj√
η00p0p0
= 1−
1
2u2
+Au , (11)
where u denotes the energy per unit massE/m of the particle. In the case of u large enough, the superluminal behaviors
of particles emerge. By comparing the speed formula (11) with the data of the present neutrino superluminality, we
constrain the parameter A to be of order 10−18 [14].
III. FINSLERIAN SPECIAL RELATIVITY ADMITS NO CHERENKOV-LIKE PROCESS
The superluminality is stringently forbidden in Einstein’s special relativity and the superluminal particles would lose
their energy rapidly via the Cherenkov-like process even in the context of LIV with a preferred frame. Amelino-Camelia
et al. argued that the context, in which the principle of special relativity still holds while the spacetime structure is
influenced by the quantum gravity, may forbid the Cherenkov-like process. The Finslerian special relativity mildly
departs from Einstein’s special relativity since the spacetime structure in Finslerian special relativity mildly deviates
from the Minkowski one. Finslerian special relativity may also forbid the Cherenkov-like process.
It is obvious that Finslerian special relativity is invariant under the spacetime translations, since the line element (2)
of Finslerian special relativity contains no dependence on the spacetime positions. This could also be demonstrated
by the Killing vectors approach [23]. The infinitesimal coordinate transformation is
xµ −→ xµ + ǫV µ , (12)
yµ −→ yµ + ǫ
∂V µ
∂xν
yν , (13)
where |ǫ| ≪ 1 and the generators are called Killing vectors V µ. Under the above coordinate transformation, a Finsler
structure is called isometry if and only if
F (x, y) = F (x¯, y¯) . (14)
For the Finslerian line element (2) of (α, β) type, the isometric transformation implies that the Killing vectors satisfy
the Killing equations
V µ
∂F
∂xµ
+ yν
∂V µ
∂xν
∂F
∂yµ
= 0 . (15)
It is obvious that the constant vectors Cµ are solutions of the above Killing equations for the Finslerian line element
(2). Based on the Noether theorem, the spacetime translational invariance implies that the energy-momentum pµ is
well defined and conserved in Finslerian special relativity.
4In the following, we prove that the energy-momentum conservation and the MDR in Finslerian special relativity
are enough to reveal that the superluminal neutrinos would not lose their energy via the Cherenkov-like process. The
Cherenkov-like process is forbidden in Finslerian special relativity. After a distant propagation, a large number of
superluminal neutrinos survive and could be received by the OPERA detector. Thus, the stringent constraint proposed
by Cohen and Glashow on the superluminality would not play part in the superluminality of neutrinos in Finslerian
special relativity. It is enough to describe properties of the Cherenkov-like process through the process µ −→M +M .
There are one single incoming particle with mass µ, energy E, and momentum P while two ejected particles with
mass both M , energy E1, E2, and momentum P1, P2 [11]. Meanwhile, the two ejected particles are heavier than the
incoming particle, namely µ < M . In Finslerian special relativity, the energy and momentum conservations imply
that
E = E1 + E2 , (16)
P 2 = P 21 + P
2
2 + 2P1P2 cos θ , (17)
where θ denotes the angle between the moving directions of the two ejected particles. By combining the definition of
the 4-momentum (9) and the MDR (10) with the energy-momentum conservation relations, we obtain
cos θ =
2E1E2 + 2A
M−µ
µM
(E31 + E
3
2 ) +
6A
µ
E1E2(E1 + E2)− µ
2 + 2M2
2E1E2 +
2A
M
E1E2(E1 + E2)−M2
(
E1
E2
+ E2
E1
) +O(A2)
= 1 +
2AM−µ
µM
(E31 + E
3
2) +
4A
µ
E1E2(E1 + E2)− µ
2 + 2M2 +M2
(
E1
E2
+ E2
E1
)
2E1E2 +
2A
M
E1E2(E1 + E2)−M2
(
E1
E2
+ E2
E1
) +O(A2)
> 1 +
2AM−µ
µM
(E31 + E
3
2) +
4A
µ
E1E2(E1 + E2)
2E1E2 +
2A
M
E1E2(E1 + E2)
+O(A2) , (18)
where the ultra relativistic approximation is involved (µ≪ E, M ≪ E1, M ≪ E2) in the last step.
The mass of incoming particle is smaller than that of outcoming particles, namely µ < M . The OPERA experiment
of superluminal neutrinos indicates that the Finsler parameter A has a positive tiny value O(10−18) [14]. Therefore,
the fraction of the second term is positive in the final expression of Eq.(18). Thus, we find that cos θ is always greater
than 1 in Eq.(18) which reveals that the Cherenkov-like process is forbidden in Finslerian special relativity. Thus,
the Cohen-Glashow constraint on the superluminality does not impact on the superluminal behaviors of neutrinos
in Finslerian special relativity. The constraint on the superluminality proposed by Cohen and Glashow showed that
the OPERA’s report could not be explained by the propagation of the superluminal neutrinos in the framework of
LIV with the preferred frame. We showed that this constraint does not exist in Finslerian special relativity. Thus,
the OPERA’s result could be interpreted with the viewpoint of the propagation of superluminal neutrinos in the
framework of Finslerian spacial relativity.
IV. CONCLUSIONS AND REMARKS
If the superluminal behaviors of particles are confirmed, they would destroy the theoretical system of the standard
theories. Even in the context of LIV with preferred frame, the superluminality of particles is suppressed strongly
via the Cherenkov-like process. However, Amelino-Camelia et al. argued that the superluminality is admitted in the
framework which still preserves the principle of relativity and the energy-momentum conservation. Finslerian special
relativity could be a reasonable candidate to realize this destination.
Finslerian special relativity is a mild generalization of Einstein’s special relativity. The Finslerian line element
departs with a preferred direction from the Minkowski one. The dispersion relation in Finslerian special relativity
deviates from the one in Einstein’s special relativity, which is corresponding to the superluminality of particles. In
Finslerian special relativity, the superluminal behaviors of particles are permitted and the causal speed is enlarged but
the causality still holds. In addition, Finslerian special relativity could account for the data of the present superluminal
neutrino experiments and observations. In this paper, we showed that the energy and momentum of particles are
conserved in Finslerian special relativity. Then we proved that the Cherenkov-like process is forbidden in Finslerian
special relativity. The superluminal neutrinos would not lose energy in their distant propagations.
It is worthwhile to note that the Cherenkov-like process is analyzed as a quantum field theoretic (QFT) process.
We have not studied the QFT characters in Finsler spacetime. However, it still makes sense to employ properties
5like the energy-momentum conservation and the MDR (10). The reason is that Finsler spacetime (2) may be viewed
as a realization of the spontaneous breaking of Lorentz symmetry [6], in which the energy-momentum conservation
and MDR are employed. The properties like the momentum conservation and MDR may still provide inspirations
on the Cherenkov-like process. Regardless the loop corrections, the kinematical results at the tree level would give
meaningful implications on the Cherenkov-like process. The spontaneous breaking of Lorentz symmetry means that
there are certain fixed background fields which determine the preferred directions of the spacetime. Finsler geometry
has natural advantage to deal with the preferred directions, since Finsler metric tensors are intrinsically dependent
on the directions of motions of particles [15, 16]. Recently, Kostelecky [26] proposed that the classical Lagrangian
with the spontaneous LIV corresponds to one classic line element in Finsler spacetime. In the spontaneous LIV
models, the energy and momentum are conserved and the dispersion relation is modified. The energy-momentum
conservation and the MDR are assumed to deal with the perturbative QFT processes in the standard model extension
(SME) [7] which is a spontaneous LIV model. Finsler line element (2) also depends on a preferred direction bµ.
Thus, it could be viewed as an implication of the spontaneous breaking of Lorentz symmetry, in which the LIV was
dealt in the perturbative view of QFT in Minkowski spacetime. Therefore, the classic properties may still provide
inspirations on the Cherenkov-like process in Finsler spacetime.
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